We review mathematical and computational models of the structure, dynamics, and force generation properties of dendritic actin networks. These models have been motivated by the dendritic nucleation model, which provided a mechanistic picture of how the actin cytoskeleton system powers cell motility. We describe how they aimed to explain the self-organization of the branched network into a bimodal distribution of filament orientations peaked at 35°and − 35°with respect to the direction of membrane protrusion, as well as other patterns. Concave and convex force-velocity relationships were derived, depending on network organization, filament, and membrane elasticity and accounting for actin polymerization at the barbed end as a Brownian ratchet. This review also describes models that considered the kinetics and transport of actin and diffuse regulators and mechanical coupling to a substrate, together with explicit modeling of dendritic networks.
Introduction
The dendritic nucleation model of actin based cell motility, originally presented by Mullins, Heuser and Pollard (1998) and Pollard, Blanchoin and Mullins (2000) , continues to be tremendously influential. It is not only influential in the cytoskeleton field, but more generally in cell biology, biophysics, and quantitative biology. The schematic shown in Fig. 1 from the review by Pollard and Borisy (2003) is one of the most frequently shown figure in talks and presentations at the ASCB annual meetings for nearly two decades. When proposed, the dendritic nucleation model put together the work from numerous prior experimental studies into a mechanistic picture of how actin powers cell motility. According to this mechanism, signals from membrane proteins at the leading edge of motile cells result in activation of the Arp2/3 complex that nucleates new filament ends on the side of mother filaments. The actin filaments polymerize at their barbed end and push at an angle against the leading edge membrane. Filament elongation is controlled by capping proteins while cofilin preferentially severs filaments that age by the process of ATP hydrolysis and phosphate release. The resulting oligomer and monomer fragments diffuse back to the leading edge for polymerization as profilin-actin.
The mechanisms and ideas embodied by the dendritic nucleation model drew many physicists, mathematicians, and engineers to the field of actin based motility. As presented, this model provides a process of self-organization where biochemical kinetics, 3D network structure, and mechanics combine to provide biological function. The basic mechanisms are specific enough to motivate models that derive the implications of the underlying processes, explore the phase space of possible kinetic and mechanical behavior, and provide experimental tests. This review highlights in an approximate chronological order some of these modeling contributions. Specifically, we focus on those works that explicitly addressed a characteristic feature of the dendritic nucleation model: the dynamic branched network structure of lamellipodia. This turned out to be a rich system for, still ongoing, theoretical and computational works. We outline the conceptual progress achieved in this area, which indicates the degree to which dendritic network models can be meaningfully compared to experiments. We refer the reader to other reviews for experimental work relevant to and/or motivated by the dendritic nucleation mechanism (Blanchoin et al. 2014; Carlier and Shekhar 2017; Fletcher and Mullins 2010; Nicholson-Dykstra et al. 2005; Pollard 2007; Pollard and Cooper 2009; Rottner and Schaks 2018; Skruber et al. 2018; Watanabe 2010 ) and for general reviews of models of actin-based motility (Carlsson and Mogilner 2010; Danuser et al. 2013; Pollard and Berro 2009; Ryan et al. 2012) .
A large number of models of dendritic networks aimed to explain two main features of actin organization in lamellipodia, shown in Fig. 2 . One of them is the organization of the branched network with filaments oriented in a bimodal distribution, with orientations peaked at 35°and − 35°with respect to the direction of membrane protrusion (Fig. 2a, b) (Schaub et al. 2007; Svitkina et al. 1997; Vinzenz et al. 2012) . Another related aspect is the forcevelocity behavior of dendritic nucleation systems. This is the relationship between actin network extension rate with respect to opposing force on the plasma membrane at the leading edge, an obstacle such as the tail of bacterium Listeria monocytogenes (a bacterium that hijacks actin polymerization to propel itself), or beads coated with activators of the Arp2/3 complex. Experiments have shown a large variability in the shape of force-velocity curves: in some cases, they have a convex shape while in other cases a concave shape (Bieling et al. 2016; Heinemann et al. 2011; Marcy et al. 2004; McGrath et al. 2003; Parekh et al. 2005; Prass et al. 2006; Wiesner et al. 2003) (Fig. 2c ).
An important background paper to the dendritic network models described below is the Belastic Brownian ratchetm odel (Mogilner and Oster 1996) . This study established a firm link between actin network structure and force generation. A mean field model was used to show that larger forces can be generated when actin filaments polymerize at an angle against the membrane at the leading edge of a motile cell or an obstacle, such as the tail of Listeria monocytogenes. In the original Brownian ratchet model (Peskin et al. 1993) , the kinetic mechanism allowing actin polymerization to generate force (Hill and Kirschner 1982) was the thermal fluctuations of the obstacle (or membrane) that allowed for gaps large enough for incorporation of new monomers from the cytoplasm. Mogilner and Oster calculated that bending fluctuations of the actin filament itself can also generate gaps large enough to allow polymerization. Depending on the opposing force, an optimal angle exists that gives the fastest polymerization rate. In lamellipodia, this angle was calculated to be of the order of 48°. At the time, this angle was close to the angle electron Fig. 1 The dendritic nucleation/array treadmilling model of leading edge protrusion, reproduced with permission from Pollard and Borisy (2003) . Proteins near the membrane activate the Arp2/3 complex which nucleates new barbed ends in the form of branches off of an existing mother filament. Growth from filament barbed end polymerization is terminated by binding of capping proteins. Severing and depolymerization of aged filaments creates oligomers and monomers that diffuse and repolymerize. Forces generated by actin polymerization result in membrane protrusion and/or retrograde flow of the network microscopy experiments indicated for actin filaments in lamellipodia. In the context of the lamellipodium, the elastic Brownian ratchet polymerization mechanism was predicted to produce a force-velocity curve that is largely concave (Mogilner and Oster 1996) though a convex shape was found in a later extension of the model to account for filament tethering to the surface (Mogilner and Oster 2003) .
Models of orientation pattern selection and associated force generation properties
The first to simulate a polymerizing dendritic network was Carlsson (2001) who developed a 3D stochastic model focused on the processes of polymerization, depolymerization, capping, branching, and debranching of filaments against a fluctuating obstacle. In this model of a dendritic network, actin filaments were assumed to be short enough to be considered rigid rods and the concentration of diffuse actin and other regulators were assumed to be uniform (so not considered explicitly). Branching was assumed to occur near the obstacle, corresponding to activation of Arp2/3 complex near the plasma membrane/obstacle. Assuming branching could occur at a 70°angle from a mother filament (corresponding to the Arp2/ 3 complex branching angle), the simulation showed network structures that qualitatively resembled those seen in electron micrographs of actin filaments in lamellipodia. This occurred as long as there was a bias for branch formation in the growth direction, or barbed-end uncapping effects, or both, an effect that was also described in more detail in subsequent models (see below). The density of the network and orientation pattern was dependent on the rate constants of branching and capping. Uncapping effects caused the structures to have a few very long filaments that were similar to those seen in the Bactin comet^tails of pathogenic bacteria. Another aspect that this model highlighted was the interplay between network structure and force generation. By implementing a model of how force slows down polymerization and also accounting for excluded volume interactions among filaments, Carlsson observed a self-regulating effect: as the obstacle force increased, the force per filament remained rather constant as the number of filaments in contact with the obstacle increased. In this limit, the velocity of the obstacle was weakly dependent on external force, as expected for concave force-velocity relationship. Maly and Borisy (2001) , in the same year as Carlsson (2001) , discovered that dendritic actin networks (studied in a two-dimensional system assumed to represent the thin and flat lamellipodium) self-organize in distinct patterns of filament orientation. The orientation pattern depended on the relationship between filament elongation velocity v pol and relative extension rate v rel = v mem + v retro , namely the sum of membrane protrusion velocity v mem and rate of actin network retrograde flow v retro , both assumed positive numbers (note: Maly and Borisy assumed v retro = 0 but the same analysis applies to non-zero values). This effect depends on the fact that filaments oriented at angles (with respect to the leading edge) larger than a critical angle ϕ, for which cos(ϕ) = v rel / v pol , lose contact with the membrane since they are not polymerizing quick enough to catch up. Assuming that polymerizing filaments branch when in contact with the leading edge (or close enough to it) and the critical angle is smaller than 70°, the favored pattern is filaments with orientations centered at 35°/−35°. The reason is that the filament population around 35°can generate daughter branches at − 35°and vice versa; thus, the population sustains itself even as individual filaments get capped. By contrast, filaments with orientations close to 0°w ould generate branches at 70°angles, which would stay behind and cap since they would be above the critical angle. This idea, which was supported by a new analysis of electron The region shown in a was approximately one-half the lamellipodial area from which the histogram was generated. The characteristic 35°/−35°f ilament orientation pattern is observed. c Examples of convex and concave force-velocity relationships. The vertical axis represents the rate of actin network with respect to the load and the horizontal axis the opposing force. Velocity v 0 is the free actin filament polymerization speed micrographs of keratocytes and fibroblasts (Maly and Borisy 2001) , provided a mechanism by which the dendritic network can sustain a ± 35°orientation pattern through selforganization rather than unknown molecular mechanisms for precise angle regulation at the location of branch formation. When the critical angle is larger than 70°(small values of v rel / v pol ), a 70°/0°/−70°pattern is also stable.
In further support of the self-regulating effect observed in prior studies (Carlsson 2001) , Carlsson (2003) used a deterministic rate-equation model to describe the response to force of the orientation distribution of branches. A filament forcevelocity relationship was implemented in the Bautocatalyticm odel (the model in which new filaments were generated by branching). The equations were along the lines of Maly and Borisy, also explicitly considering the filaments leaving the branching region. This model showed that the network growth velocity is approximately independent of the applied opposing force on the network. Atilgan et al. (2005) performed simulations of dendritic networks with actin filaments treated as rigid rods with volume exclusion, polymerization, depolymerization, branching, and capping. By simulating the dendritic network within the confines of a thin lamellipodium, these authors found that the 35°/ −35°pattern observed in prior experiments was reproduced only in the limit where branching by the Arp2/3 complex occurred with an angle restriction along the 2D plane of the lamellipodium. No such pattern was observed if the Arp2/3 complex is assumed to unbind from an activating membrane complex, diffuse after activation, and then binds to actin filaments at any orientation to generate a branch. Similarly, no 35°/ −35°orientation pattern was observed if branching occurred at the membrane without any orientation restriction. The authors hypothesized that transmembrane receptors involved in the recruitment of Arp2/3 complex activators, such as the Cdc42/ WASP complex, concentrate at the leading edge as a result of an energetic preference to be at curved regions of the plasma membrane. Thus, this study provided a mechanism by which the lamellipodium establishes itself as a flat organelle. Schaus et al. (2007) introduced the effect of membrane and filament fluctuations to models of dendritic networks, which prior studies considered rigid. They considered a twodimensional stochastic model that included barbed end polymerization, pointed end depolymerization, capping, uncapping, branching, debranching, and bending energy of filaments along with a membrane surface energy and membrane bending energy. In the reference state, filaments organized in 35°/−35°patterns relative to the leading edge and settled to v rel / v pol = 0.38 and 200 barbed ends per micrometer at the leading edge. The pattern was robust with respect to plasma membrane surface and bending energies, but required sufficiently short branches (of order 50 nm) close to the edge to avoid splaying at large angles, generally consistent with the expectations from Mogilner and Oster (1996) . Backward branching was allowed, which produced filaments at 105°/ −105°; these were assumed to cap quicker than the forward facing filaments, resulting in short backward facing filaments. This study also supported that the optimal branching angle to rapidly produce a two peak orientation pattern was near 70°, the value realized by the Arp2/3 complex. At low values of v rel , the simulations of Schaus et al. produced the anticipated 70°/0°/−70°pattern. In a follow-up study, Schaus and Borisy (2008) examined the effect of load sharing among branching filaments to conclude that the flexibility of membrane and filaments promotes Bwork sharing,^which improves response speed to applied force.
Steady-state filament orientation patterns and the forcevelocity relationship were further studied by Weichsel and Schwarz (2010) who provided a comprehensive study of the 2D limit. They used deterministic rate equations similar to prior works (Carlsson 2003; Maly and Borisy 2001) as well as simulations of 2D branching network that included branching near the leading edge, capping, and polymerization. They showed how the steady-state orientation pattern transitions from 70°/0°/−70°to 35°/−35°as the relative protrusion velocity to polymerization rate, v rel / v pol increases past the critical angle corresponding to filaments that can barely catch up with the leading edge when polymerizing at 70°(the transition does not occur precisely at this value due to the finite speed at which filaments exit the branching region). At the very high values of v rel / v pol , the pattern resumes to the 70°/0°/ −70°orientation, when the critical angle is past the corresponding angle to 35°. The authors modeled the effect of external force by assuming filaments share the load equally and act as Hookean springs with an angle-dependent elasticity (Mogilner and Oster 1996) . The predicted force-velocity dependence showed a rich behavior with history-dependent effects (Fig. 3) . The value of v rel was rather weakly dependent on force when the change in force was not large enough to cause a transition of the orientation pattern (as in prior models; Carlsson 2001) with the exception of a rapid decrease to stall at the highest force sustainable. Abrupt velocity transitions were observed in regions where applied force resulted in change of orientation pattern, and hysteresis loops were observed due to the transient competition between the orientation patterns. However, for filaments elongating as simple (Peskin et al. 1993) , rather than elastic (Mogilner and Oster 1996) , Brownian ratchets, the difference in performance of the two competing orientation patterns was found to be too weak to show significant hysteresis effects and the force-velocity curve was convex. Weichsel and Schwarz described how their model might provide a unifying description on prior experimental observations suggesting hysteresis phenomena (Parekh et al. 2005) . In subsequent works, described a common framework that connects the results of models that assumed zeroth versus first order branching kinetics, corresponding to whether branching rate is limited by the reservoir of activated Arp2/3 complex or not. The role of obstacle geometry was also studied using similar approaches (Gong et al. 2017; .
Quint and Schwarz (2011) studied 2D deterministic rate equations similar to prior works (Carlsson 2003; Maly and Borisy 2001; Weichsel and Schwarz 2010) and showed that an off-center Bsuboptimal^−20°/50°and −20°/50°pattern can also exist if the branching rate is proportional to the sine of the angle with respect to the direction of protrusion. In this case, the 70°/0°/−70°pattern never becomes a favorable one to develop. The suboptimal distribution only appeared when the angle corresponding to the Arp2/3 complex branching angle is larger than 60°. These authors speculated that the 70°branching angle might have evolved to be just above 60°to allow a suboptimal orientation distribution that may help to broaden the filament angles and mechanically reinforce the lamellipodium through cross-links to the 35°/−35°p attern. Smith and Liu (2013) performed 2D simulation of a system of polymerizing, branching, and capping filaments sharing a load. The simulation setup was similar to Weichsel and Schwarz (2010) , with some differences such as the assumption that branching can occur in a broader region from the leading edge (of order 54 nm) and that capped filaments do not branch. The most stable pattern was 70°/0°/−70°while the 35°/−35°pattern was observed only when the branching region was very narrow. Under these conditions, it was found that the force-velocity curve can exhibit hysteresis phenomena and convex/concave shapes. Hysteresis was due to change in the number of filaments contacting the load versus time, with short-time behavior giving a convex shape. As the number of filaments contacting the surface changed over time (similar to Carlsson 2003) , the long-time behavior could be convex or concave depending on the magnitude of the capping rate constant. A 3D model generalization exhibited similar behavior.
The force-velocity relationship of a rigid branching network (incorporating branching, capping and polymerization and depolymerization at the barbed end) encountering a fluctuating rigid obstacle was considered by Hansda et al. (2014) . This study was at the level of a multi-Brownian ratchet stochastic model. It explicitly accounted for unequal sharing of load among filaments as a result of the different distances of each end to the boundary (an effect also considered in a somewhat different setup in the work by Schaus et al. 2007 ). The force-velocity curve for conditions that corresponded to the 70°/0°/−70°orientation pattern was shown to convert from convex to concave curves as the number of filaments increased. This behavior differs to the convex shape established in models of multi-Brownian-ratchet models of parallel bundles of filaments (Wang and Carlsson 2014) .
Experimental results from a recent study combining electron microscopy and methods to control membrane tension (Mueller et al. 2017 ) recently confirmed one of the basic modeling predictions, namely the ability of dendritic networks to change density and orientation under external force. In these experiments, an increase in membrane tension caused the actin filament density to increase while maintaining a pattern with a predominantly 35°/−35°orientation, consistent with the self-adjustment mechanism (Carlsson 2001; Carlsson 2003; Weichsel and Schwarz 2010) . Reduction in tension caused a change from a 35°/−35°orientation pattern at steady state to a pattern with filaments oriented around 0°, consistent with a transition to a 70°/0°/−70°orientation pattern at low load (Weichsel and Schwarz 2010) (Fig. 3) . A numerical simulation developed in 2D by Mueller et al. (2017) , similar to Weischel and Schwarz (2010) with polymerization, capping, and branching of filaments toward the a b 
Models of dendritic networks considering biochemical actin turnover and mechanics
Considering a branching actin network in the context of the diffuse pool of actin monomers and regulators (Arp2/3 complex, capping protein, cofilin, tropomyosin, etc.) as well as the overall mechanical properties of the network has been the topic of several models. Alberts and Odell (2004) developed a 3D network model in the context of Listeria propulsion. In this model actin filaments could attach to the bacterial surface (as occurs through the Arp2/3 complex activator ActA), branch, and depolymerize. This model further accounted for ATP hydrolysis and phosphate dissociation and was also able to accommodate cofilin binding and severing. Applying force balance equations, the model was able to generate bacterial propulsion with its characteristic actin comet tail. Burroughs and Marenduzzo (2007) also reproduced comet tails and moving beads in a Brownian dynamics simulation that included branching and stored elastic energy in the network.
Liu and coworkers (Banigan et al. 2013; Lee and Liu 2008; Lee and Liu 2009 ) developed a Brownian dynamics computational model with diffusing actin monomers polymerizing at the ends of filaments near an obstacle that activated Arp2/3-complex-mediated 70°branching at one of its faces. The simulations also included capping, debranching, and depolymerization and showed that motility speed varied nonmonotonically with the concentration of Arp2/3 complex, capping rate, and depolymerization rate, as observed in vitro. Under the conditions of these simulations, the force generation mechanism was identified as self-diffusiophoresis, driven by the concentration gradient of polymerized actin around the obstacle and was weakly dependent on filament persistence length (Lee and Liu 2008) . This mechanism produced a concave force-velocity curve (Lee and Liu 2009) even in the presence of binding interactions with the obstacle surface (Banigan et al. 2013 ). The authors suggest that selfdiffusiophoresis is contributing as a physical mechanism more generally in actin-based motility. How this mechanism contributes under conditions of a highly cross-linked network of short stiff filaments in lamellipodia remains to be resolved. Schreiber et al. (2010) created a three-dimensional model that simulated a stochastically growing dendritic network with branching at the leading edge and pushing against a membrane while also introducing adhesion of the network to a substrate, excluded volume interactions among filaments, and accounted for mechanical balance through the network (Fig. 4) . The model also included severing of actin filaments in addition to force-dependent growth at the barbed end, depolymerization at the pointed end together with irreversible capping. A hard wall base was used for the substrate boundary with two movable hard walls at the top (opposite substrate) and leading edge. Tension in the membrane was modeled as a force applied to the top of the cell. This model included several key new elements of the dendritic nucleation model such as severing and mechanical coupling. Its results agreed with basic features found in crawling cells, which included a concave-down force-velocity relation and magnitudes of retrograde flow speed, filament concentration, and protrusion speed. The authors pointed out that the shape of the force velocity curve as well as the speed of retrograde flow is significantly influenced by excluded volume interactions. Thus, they speculated that the branched network may provide mechanical strength by hindering filament rotation. It was stated that a 35°/−35°filament orientation pattern was observed; however, it is unclear how this compares to prior studies (Atilgan et al. 2005 ) that suggested this pattern requires a 2D branch angle orientation restriction.
Another series of studies by Hu and Papoian (2010 moved the field closer to integrating models of dendritic network structure with the biochemical and mechanical interactions of the full dendritic nucleation system. These studies accounted for concentration gradients of Arp2/3 complex, capping protein, and actin in the cytoplasmic pool. The 3D stochastic simulation accounted for the interactions between a flexible membrane and actin filaments that were considered rigid. The model also considered polymerization/depolymerization, branching/debranching, and capping/uncapping. Branches were formed on the side of parent filaments in a region near the leading edge at an angle chosen from a Gaussian distribution centered around 70°. Hu and Papoian found that concentrations of actin and regulators influence the growth speed and force-velocity response in a complex manner. The protrusion speed and branch nucleation rate increased with actin concentration up to a plateau. In the simulations, fast polymerization could deplete the cytoplasmic Arp2/3 complex concentration while either too high or too low Arp2/3 complex concentrations resulted in slow motion of the membrane: at low Arp2/3 complex concentration the small number of filaments in the network produced a small force while local concentration depletion was limiting at high concentrations. It was also found that there is an optimal concentration of capping protein that promotes actin-based motility. Capping protein not only prevents polymerization of barbed ends which push the membrane forward but also capped filaments increase monomeric actin concentration promoting polymerization on the uncapped barbed ends. It was stated that a filament orientation pattern of 35°/−35°emerged in the simulations. Similar to the results of Schreiber et al. (2010) , it is unclear how this compares to prior studies (Atilgan et al. 2005 ) that suggested the 35°/−35°pattern requires a 2D branch angle orientation restriction. Razbin et al. (2015) studied the mechanics of a mother and daughter filament in 2D, modeled analytically as worm-like chains. They found that the branch can increase the stiffness of the tilted mother filament by more than a factor of four (depending on its location), while only requiring 1.5 times the length of the mother filament. An ensemble of such structures was found to be about twice as stiff as unbranched networks. The authors estimate the lamellipodium network is likely to be in a parameter regime where filament bending is important in determining elastic behavior and thus excluded volume interactions may be less significant than what was suggested by the network of stiff rods model of Schreiber et al. (2010) .
Conclusion and outlook
The results of the models reviewed provided several conditions under which the 35°/−35°and other patterns develop along with mechanisms that can generate concave or convex force-velocity relationships. They demonstrated a non-trivial dependence of filament density and orientation pattern on the location and mechanism of branching and capping. They also suggest that the resulting force generation capabilities are influenced by dendritic network structure. As evidenced by the recent work by Mueller et al. (2017) , advances in experimental methods that combine force measurements with actin dynamics and network structure should further help test the precise mechanism of dendritic network structure and force generation.
We can identify a few areas for possible future modeling work. Such work could develop and justify constitutive relationships assumed by models of actin-based motility that start from a more coarse-grained level of description (Barnhart et al. 2017; Campas et al. 2012; Lewalle et al. 2014; Ryan et al. 2017; Zhu and Mogilner 2012) . For example, work by Falcke and collaborators described protrusive activity and concave force-velocity behavior of lamellipodia considering the actin network as a cross-linked gel connected to the membrane through a layer of polymerizing semiflexible filaments (Dolati et al. 2018; Enculescu et al. 2010; Zimmermann et al. 2010; Zimmermann and Falcke 2014) . In an another example, in the mathematical model of Boujemaa-Paterski et al. (2017) , dendritic network growth speed and steering of in vitro motility were modeled in terms of an overall network geometrical factor together with the effects of actin monomer depletion that negatively impacts dendritic network growth.
Connection to modeling in between the molecular and filament level could account for the biophysics of protein complexes that regulate the mechanisms by which filament ends associate with the membrane to polymerize, cap, and branch (Bieling et al. 2018; Dickinson 2008; Risca et al. 2012; Stark et al. 2017 ) and how they are decorated by side binding proteins for stabilization, severing, or debranching (Christensen et al. 2017; De La Cruz and Sept 2010; Schramm et al. 2017) .
Another consideration is related to the turnover and diffusion of actin and regulators in the cytoplasm (Hu and Papoian 2010; Vitriol et al. 2015; Watanabe 2010) . Prior models have considered such aspects (Ditlev et al. 2009; McMillen and Vavylonis 2016; Mogilner and Edelstein-Keshet 2002; Novak et al. 2008; Vitriol et al. 2015) , and Huber et al. (2008) considered the effect of filament length distribution without an explicit network model. Experimental evidence for distributed turnover of actin and regulators (Millius et al. 2012; Watanabe and Mitchison 2002) suggests possible regulation of dendritic network structure through severing, debranching and annealing (Miyoshi and Watanabe 2013; . Finally, the results of Schreiber et al. (2010) motivate further models connecting dendritic network structure to interaction with focal adhesions and myosin forces.
The predictive and quantitative system-level descriptions of lamellipodia envisioned by the dendritic nucleation model (Fig. 1) keeps motivating productive interactions among workers in theory and computation, quantitative cell biology, and in vitro reconstitution experiments.
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